Abstract. We find a new class of the Fuchsian equations, which have an algebraic geometric solutions with the parameter belonging to a hyperelliptic curve. Methods of calculating the algebraic genus of the curve, and its branching points, are suggested. Numerous examples are given.
Introduction
Integrability of the Heun equation with half-odd characteristic exponents was probably discovered by Darboux more then 100 years ago [1] . But only recently so-called finite-gap solutions Y 1,2 (m; λ; z) = Ψ g,N (λ, z) exp ± iν(λ) 2
Ψ g,N (λ, z) z(z − 1)(z − a) (0.5) of this Heun equation were wrote out and analyzed [2, 3] . Here i 2 = −1,
Ψ g,N (λ, z) is some polynomial of the degree N in z and of the degree g in λ.
In works [1, 2, 3] At beginning of 90-th author [9, 10] investigated Shrödinger operator with finite-gap elliptic potentials and proposed the next finite-gap elliptic generalization of potential(0. Treibich later [14, 15] proved that for M = 1, n 1 = 1 and for any system of numbers m i ∈ Z 0 there exists a point δ 1 such that potential (0.10) is finite-gap potential of Shrödinger operator (0.6). On the other hand the formula
where
and examples in works [9, 10] show us what Treibich cases do not exhaust all the set of even elliptic finite-gap potentials (see for example remark 5).
Since parallel using of properties of algebraic polynomials and of elliptic meromorphic functions make possible a big progress in study Heun and Treibich-Verdier equations (in particular simple methods of obtaining spectral curves and monodromy matrix [2, 3] ), we 1 prime after sign of summation as ever indicate what term with i 2 + j 2 = 0 is omitted.
decide to apply this method to analysis of Shrödinger equation (0.6) with potentials(0.10) and of appropriate Fuchsian equations. In present work we introduce concept of 'finite-gap' Fuchsian equation, and prove necessary and sufficient conditions of 'finite-gapness' of Fuchsian equation. Also we generalize the formula (0.5) for the case 'finite-gap' Fuchsian equation with five and more singular points, and derive the equation of appropriate spectral curve. Algebraic genus of spectral curve is bounded and calculated. The equation with five singular point is examined in detail. For equation with five singular points (M = 1, n 1 = 1) the condition for position of fifth point is found.
The needed facts from the theory of finite-gap elliptic potentials for the Schrödinger operator are collected without proof in the first paragraph.
In the Appendix we give several simplest solutions of the 'finite-gap' Fuchsian equation and appropriate finite-gap potentials and their spectral curves.
The author thanks A. Treibich, V.B. Matveev, V.B. Kuznetsov and V.Z. Enolskiȋ for useful discussions.
Schrödinger operator with finite-gap elliptic potential
Proposition 1 ( [16, 17, 18, 19] ). Any g-gap potential u(x) of the Schrödinger operator (0.6) satisfies the Novikov equation:
or, which is the same, the stationary 'higher' Korteweg-de Vries (KdV) equation:
Here c m , d are constants and the functions J m are the flows of the 'higher' KdV equations
The expressions for the flows J m are found from the relations
where u(x) is a potential decreasing fast at ∞.
In particular,
Remark 1. In the case of decreasing fast at ∞ potential u(x, t) the variables
constitute an infinite set of integrals of motion for the KdV equation
Proposition 2 ( [20, 19, 17] ). The function
where 
℘(x) = e 1 + (e 2 − e 1 )z, E = (e 1 − e 2 )λ + const, 
3)
It is not difficult to generalize this change of variables for greater number of singular points
Coefficients of corresponding Fuchsian equation (0.1) with M + 4 singular points has a next form Proof. Let us calculate characteristic exponents at singular points of equation
Assume that Fuchsian equation is 'finite-gap' but points z = b k are not false singular points. The a general solution will have at those points logarithmic singularities (see for example [23, 24] ). Hence a general solution of Shrödinger equation (0.6) with finitegap potential (0.10) will have logarithmic singularities at points x = ±δ k . That is in contradiction with proposition 3.
If we now assume that points z = b k are false singular points of equation (0.1), (2.8)-(2.11) then from properties of general solution of this equation and from the equation of the change of variable (2.2) it follows that singularities of general solution ψ(x) of equation (0.6), (0.10) are only poles:
I.e. a general solution ψ(x) is a meromorphic function and potential (0.10) is Picard potential. Therefore potential (0.10) is finite-gap and Fuchsian equation is 'finite-gap' equation.
Now let us follow [2] and give the definition of Novikov's equation for the Fuchsian equation.
Definition. By Novikov's equation of order g for the Fuchsian equation we will call the following equality:
where c j , d are some constants, Proof. From the properties of the flows J n (1.2) (see, e.g., [18] ), from the properties of elliptic functions [13] and from the equation of the change of variable (2.2) it follows that all functions I n (3.2) are rational functions of the variable z (i.e. these functions do not have logarithmic singularities). From equation (3.3) it follows what I 0 has at the point z = b a pole of second order at the point z = b
If we now assume that the function I j (z) has at the point z = b a pole of order 2α 2n 1 :
then we obtain that the function I j+1 (z),
has at the same point a pole of order α ′ 2n 1 + 1. In particular
Let now n 1 = 1. Then the function I 1 has a pole of second order at the point z = b while I 0 has also a pole of second order at the same point. Hence, there exist a linear combination Hence, for any j the dimension of the linear span of rational functions 1, I 1 , . . . , I j does not exceed N and therefore there exists a number g,
such that the equality (3.1) is fulfilled. We remind that functions I j are linear combinations of functions I i of lesser orders (Remark 2).
The condition (3.5) can be found in explicit form. Direct calculation give us next polynomial equation of sixth order on b (position of false singular point):
where Remark 5. There are special cases which show that conditions M = 1, n 1 = 1 are sufficient but not necessary. In particular if
) is g-gap potential because it represents a g-gap Lamé potential with changed period of lattice u(x) = g(g + 1)℘(x) + g(g + 1)℘(x + ω j ) which shifted on one fourth of new period. With the help of formula (0.11) and with the shift of argument one can construct from Treibich-Verdier potentials (0.7) more complicated even finite-gap potentials. Hence, there it exists more complicated (but more special) 'finite-gap' Fuchsian equations.
In order to find finite-gap solutions of Fuchsian equation (0.1), (2.8)-(2.11) let us use the results of the theory of finite-gap elliptic potentials for the Schrödinger operator and consider the equation
solutions of which are the products of any two solutions of Heun's equation (0.1).
Theorem 4. If the equation (0.1), (2.8)-(2.11) is finite-gap then the equation (3.10), (2.8)-(2.11) with nonnegative integer characteristics m i , n j has as its solution the function
, which is a polynomial in λ of the degree g and in z of the degree N (2.11)
The leading coefficient of this function considered as a polynomial in λ is equal to
Proof. The product Ψ(x, E) of eigenfunctions of the Schrödinger operator with the potential u(x) (0.10) is an elliptic meromorphic function in the variable x, because u(x) is a Picard potential (Proposition 3). As a function of the variable x the function Ψ(x, E) has poles of multiplicity 2m j at the points x = ω j (ω 0 ≡ 0) and 2n k at the points x = ±δ k . From equation (1.3) and from evenness u(x) (0.10) it follow what Ψ(x, E) is rational function in ℘(x) and a polynomial of degree g in the spectral parameter E. Hence, the function
where λ and z are related with E and x by equalities (2.7), is a polynomial in λ of degree g and in z of degree N (i.e. it is a rational function in the variable z with the unique pole of order N at the point z = ∞). The constant in the equality (3.13) is chosen such that the leading coefficient of Ψ g,N (λ, z), considered as a polynomial in λ, is equal (3.12).
Corollary 2. Coefficients a j (z) of the polynomial Ψ g,N (λ, z) have the form:
14)
where I j is a linear combination of the rational functions I j , . . . , I 0 , 1 having poles in the singularities of Fuchsian equation.
Proof follows from the equalities (1.4), (3.13) and from the change of variable (2.7). 
Here i 2 = −1, Proof. From the Liouville formula it follows that the Wronskian of two linearly independent solutions of the linear homogeneous differential equation,
has the following dependence from z:
where W 0 (λ) is Wronskian's value at z 0 . Hence, the Wronskian of two linearly independent solutions of Fuchsian equation (0.1), (2.8)-(2.11) is equal to
If we now divide the Wronskian of two solutions (3.17) by their product,
we obtain a simple differential equation of the first order:
The equation (3.19) can be easily integrated:
, (3.20) where C(λ) = y 2 (λ, z 1 )/y 1 (λ, z 1 ).
If we now consider solutions Y 1,2 (m, n; λ, z) with the same Wronskian (3.17) and product (3.18) 
where (3.22) it follows that ν 2 (λ) is a polynomial in λ of the degree 2g + 1 with the leading coefficient equal to 1.
It is not difficult to show that under the change (2.7) the solutions Y 1,2 (m, n; λ, z) of Fuchsian equation (0.1), (2.8)-(2.11) turn into Floquet solutions of the equation (0.6), (0.10). Therefore, zeros λ j (j = 1, . . . , 2g + 1) of the polynomial ν(λ) or, which is the same, zeros of the Wronskian of the solutions Y 1,2 (m, n; λ, z) correspond to zeros of the Wronskian of the Floquet solutions of equation (0.6), (0.10), i.e. they correspond to the gap edges E j (j = 1, . . . , 2g + 1) of spectrum of the potential (0.10). Hence, the hyperelliptic curve Γ (3.16) is isomorphic to the spectral curve Γ
of the finite-gap elliptic potential u(x) (0.10).
Remark 6. Knowing the product of the eigenfunctions of the Shrödinger operator Ψ(x, E) (1.3) it is possible to write the formulae for these eigenfunctions
and for equation of spectral curve (3.23)
Concluding remarks
There is one important difference between finite-gap Heun equation [2] and finite-gap On the other hand in case of the Fuchsian equation the spectral curve and its algebraic genus g depend not only on characteristics m i , n k but also on positions of singular points b k . For example, the potential
for ℘(2δ) = −2℘(δ) is two-gap, but for ℘(2δ) = ℘(δ) is one-gap potential. Therefore, knowing only characteristics m i , n k we can only estimate (see (3.7)) algebraic genus of spectral curve (3.16). Examples of simple 'finite-gap' solutions of Fuchsian equation and of finite-gap elliptic potentials that are not Lamé or Treibich-Verdier potentials, are discussed in Appendix.
It is easy to see that equation (0.6), (0.10) is invariant with respect to transformation
Therefore it is not difficult to transform 'finite-gap' solutions of equation (0.1), (2.8)-(2.11) with non-negative characteristics m i , n k into solutions with negative characteristics. Corresponding transformations for Heun equation one can find, for example, in [24, 26, 27, 28, 2] .
At the end of this paper we would like to list equations for b, polynomials Ψ(λ, z) and canonical equations (3.16) of the hyperelliptic curves Γ = {(ν, λ)} for some simplest 'finite-gap' solutions (3.15) of Fuchsian equation with five singular points (0.1), (2.3)-(2.6) with characteristics n 1 = 1, m i ∈ Z 0 (i = 0, 1, 2, 3 ). There will be given also finite-gap elliptic potentials u(x) = u(x) + const and their spectral curves (3.23). Potentials u(x) are normalized by condition (0,0,0,0):
The potential u(x) is one-gap potential with changed period of lattice.
w 2 = (E + 2e 1 )(E + e 1 − 2℘(δ))(E − 3e 1 + 2℘(δ)).
Ψ 1,2 (λ, z) = (z − b) 2 λ + (3a − 4b)z 2 − 2(6a + 5ab − 12b)z − 3a 2 + 12a − 24b + 14ab, ν 2 = (λ − 4b + 3a)(λ 2 + (4 + 7a − 14b)λ + 2(6a 2 − 16a − 25ab + 36b)),
u(x) = 2℘(x − δ) + 2℘(x + δ) − 2e 2 , ℘(2δ) = e 2 , w 2 = (E + 2e 2 )(E + e 2 − 2℘(δ))(E − 3e 2 + 2℘(δ)).
Ψ 1,2 (λ, z) = (z − b) 2 λ + (3 − 4b)z 2 − 2(6a + 5b − 12ab)z − 3a + 12a 2 − 24a 2 b + 14ab, ν 2 = (λ − 4b + 3)(λ 2 + (4a + 7 − 14b)λ + 2(6 − 16a − 25b + 36ab)),
u(x) = 2℘(x − δ) + 2℘(x + δ) − 2e 3 , ℘(2δ) = e 3 , w 2 = (E + 2e 3 )(E + e 3 − 2℘(δ))(E − 3e 3 + 2℘(δ)).
(1,0,0,0): The potential u(x) is one-gap potential with changed period of lattice.
u(x) = 2℘(x) + 2℘(x − δ) + 2℘(x + δ) − 4℘(δ), ℘(2δ) = ℘(δ),
(1,1,0,0): 
